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We consider the ground states of binary atomic boson-boson and fermion-fermion mixtures con-
fined in one-dimensional box potentials by simulating the systems using few-body models with
delta-function interactions and many-body models with density-density interactions. For boson-
boson mixtures, both models show different structures with and without mass imbalance in the
strong repulsion regime. The structural changes are due to the minimization of the interaction
energy and the kinetic energies from the density distortion at the hard walls and at the phase-
separation interface. The mass imbalance adjusts the kinetic energies and causes the lighter species
to avoid the hard walls. For fermion-fermion mixtures, few-body simulations show a mass-imbalance
induced structural changes in the strong repulsion regime, while many-body simulations show two-
chunk phase separation due to the strong bulk kinetic energy. For equal-mass mixtures with strong
inter-species repulsion, the few-body and many-body models predict different structures due to the
different treatments of interaction energy.
I. INTRODUCTION
Ultracold atoms trapped in optical potentials have
been an important system for studying many-body quan-
tum physics such as Bose-Einstein condensation (BEC)
and superfluidity [1–4]. However, conventional harmonic
traps cause inhomogeneous density profiles and compli-
cate comparisons between theories and experiments. For
instance, BEC may emerge at the trap center while the
normal phase still occupies the edge. To construct the-
ories with inhomogeneity, one may use the local density
approximation [2, 3] to map out the profiles of physical
quantities before comparing the results to experiments.
Realizations of box potentials for ultracold atoms [5–
10] have brought possibilities of measuring homogeneous
bulk properties directly. The introduction of hard-wall
potentials from the laser sheets for generating the box po-
tential imposes open boundary condition. On the other
hand, one may approximate homogeneous systems with
periodic boundary condition by trapping ultracold atoms
in ring-shaped potentials [11–15]. One important differ-
ence between open and periodic boundary conditions is
the kinetic energy caused by the vanishing of the wave-
function at the hard walls.
Mixtures of ultracold atoms in distinct internal states
or from different species exhibit interesting structures
and thermodynamic properties [2, 3]. When a binary
atomic mixture has strong inter-species repulsion, the
two components tend to separate from each other and
form phase separation as demonstrated in Ref. [16]. In a
phase-separation structure, the interface between the two
species also causes additional kinetic energy because the
density profiles changes drastically, which may be viewed
as the surface tension of the interface [17, 18].
∗ cchien5@ucmerced.edu
Here we focus on binary mixtures and label the two
species as 1 and 2. When the two species phase sepa-
rate, a competition between the energy increase due to
the distortion of wavefunctions near the hard-walls and at
the phase-separation interface can lead to different struc-
tures of the mixture. Since the kinetic energy is inversely
proportional to the mass, we will compare the structures
with and without mass imbalance in the strong repulsion
regime. For example, if the distortion of species 2 at the
hard wall leads to a substantial kinetic energy increase
compared to the interfacial energy between species 1 and
2, the system will form a sandwich structure with species
2 away from both hard-walls. We will show that the
lighter species tend to avoid the hard walls. In contrast,
equal-mass mixtures tend to remain miscible or separate
into two chunks depending on how the interactions are
modeled.
There have been theoretical studies on confinement ef-
fects [19–21] and mass effects [22–28] on the structures
of atomic mixtures. There are additional studies on the
structures of bosons [29], and Ref. [30] reviews struc-
tures of few-body mixtures in harmonic traps. However,
mass-imbalance induced structural changes due to hard-
wall potentials have not been systematically investigated.
Studies on binary fermion mixtures have shown that re-
pulsive interactions are not the only factor determining
phase separation. Other factors such as population im-
balance [31], mass imbalance [23–26], and additional p-
wave interaction [24] also affect the structures. It has
been proposed that phase separation of fermion mixtures
in the thermodynamic limit driven by a large mass im-
balance is possible in all dimensions even in the weakly
interacting regime [23]. Moreover, there are recent ex-
periments on various atomic mixtures [32–35]. We men-
tion that the physics of atomic mixtures of fermions with
strong repulsion is complicated by possible Stoner insta-
bility [36] and formation of bound states [37], but here we
consider a simplified scenario where the fermionic mix-
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2tures phase separate in the strong-repulsion regime.
In cold-atoms, fermions differ from bosons because of
the lack of intra-species contact interactions. This is
because Pauli exclusion principle suppresses the dom-
inant, two-body s-wave interaction between identical
fermions [2]. Another major difference between bosonic
and fermionic mixtures comes from the Fermi pressure,
which is from the bulk kinetic energy and depends on the
fermion density nonlinearly [38]. The phase-separation
structure needs to settle the competition between the in-
teractions, kinetic energy due to the confinement, and
the Fermi pressure in the case of fermion mixtures. Previ-
ous studies of fermionic mixtures in harmonically trapped
gases [18] have shown good agreement with experiments
[39]. We note that the single-particle energies in a har-
monic trap grow linearly with the quantum number, but
in a box trap they scale with the square of the quan-
tum number [40]. Thus, the Fermi pressure can be much
higher in a box trap potential, making it harder to reach
spatial separation.
To investigate mass effects on the structures of atomic
mixtures in box potentials, we implement both the few-
body exact-diagonalization method [28, 30, 41] as well as
the many-body Gross-Pitaevskii and Hartree-Fock theo-
ries [1, 38, 42]. We will present structures of boson-boson
and fermion-fermion mixtures with strong inter-species
repulsion confined in a 1D box potential with two hard
wall in the x direction. Importantly, the wavefunctions
have to vanish at the hard walls. The systems are as-
sumed to be homogeneous in the y and z directions. Since
thermal excitations have been shown to be negligible in
the box-potential experiments [5–9], we will focus on the
ground-state properties.
The contact interactions between atoms are modeled
differently in the literature of few-body and many-body
theories: In the few-body approach, the interaction corre-
sponds to delta-function terms following the Lieb-Liniger
model [19, 41, 43, 44]. On the other hand, the delta pseu-
dopotential may be approximated at mean-field level in
many-body theories, leading to the density-density terms
in the many-body treatments [1, 2, 38]. Bosons with at-
tractive interactions at low temperatures collapse as the
interaction energy overcomes the zero point motion in-
duced by the confinement [45, 46] while two-component
fermions with attractive interactions may form Cooper
pairs [2, 3]. Here we only consider bosons and fermions
with repulsive interactions.
The structures from the few-body and many-body cal-
culations agree in the case of boson-boson mixtures with
large mass-imbalance and strong repulsion, where similar
sandwich structures are predicted. Otherwise, the struc-
tures are different: (1) For equal-mass boson-boson or
fermion-fermion mixtures in the strong-repulsion regime,
the few-body calculation predicts a miscible phase with
internal correlations while the many-body calculation
predicts phase separation into two chunks. (2) For
fermion-fermion mixtures with large mass imbalance and
strong inter-species repulsion, the many-body model pre-
dicts the two species separate into two chunks while the
few-body model predicts a three-chunk sandwich struc-
ture.
By comparing the structures with and without mass
imbalance, we found mass-imbalance induced structural
changes when comparing the equal-mass and highly
mass-imbalanced cases: (1) The few-body calculations of
bosonic mixtures predict a change from a miscible phase
to a sandwich structure. (2) The many-body calculations
of bosonic mixtures predict a change from two-chunk
phase separation to a sandwich structure. (3) The few-
body calculations of fermionic mixtures predict a change
from a mixture to a sandwich structure. On the other
hand, the many-body calculation predicts a two-chunk
phase separation structure of fermionic mixtures that is
insensitive to mass imbalance because of the strong bulk
kinetic energy in the many-body system.
The rest of the paper is organized as follows. Section II
presents the structures of boson-boson mixtures in a 1D
box potential from few-body and many-body theories.
Mass-imbalance induced structural changes are found in
both cases. Section III presents the results of fermion-
fermion mixtures in a 1D box potential from few-body
and many-body theories. Only the few-body results pre-
dict a mass-imbalance induced structural change. Sec-
tion IV summarizes some implications for experiments.
Section V concludes our work.
II. BOSON-BOSON MIXTURES IN A BOX
POTENTIAL
A. Few-body theory and result
Here We present our investigation of a few-body boson-
boson mixture of equal number of particlesN1 = N2 = N
in a 1D box potential with hard walls at x = 0, L.
The spatial separation of a fermion-fermion mixture in
a box potential was recently studied by few-body cal-
culations [41]. The mechanism of the phase separation
works in principle for different statistics, including the
bosonic mixtures studied here.
The contact interaction in the few-body calculation is
modeled by a δ-function pseudo-potential similar to the
Lieb-Liniger model [43, 44]. Here we present the result
without intra-species interactions for simplicity, and we
have checked that including small intra-speceis interac-
tions does not affect the conclusion qualitatively. The
Hamiltonian is given by
Hˆ =
2∑
α=1
∫ L
0
dxΨˆ†α(x)HαΨˆα(x)
+ g
∫ L
0
dxΨˆ†1(x)Ψˆ
†
2(x)Ψˆ2(x)Ψˆ1(x), (1)
where the single-particle Hamiltonians contain only the
3kinetic part:
Hα = − h¯
2
2mα
∂2
∂x2
. (2)
The integrations are over the whole system of length L,
which sets the length scale. The effective one-dimensional
inter-species interaction g can be obtained from the
three-dimensional scattering length by integrating out
two dimensions [47]. The field operator Ψˆα(x) annihi-
lates a boson of species α and mass mα at position x
and obeys the standard bosonic commutation relation:[
Ψˆ†α(x), Ψˆβ(x
′)
]
= δ(x− x′)δαβ . The operators of differ-
ent species commute. For convenience we will denote the
mass ratio by µ = m2/m1.
1. Method
To obtain the ground state and its properties, we ex-
pand the field operators in the single-particle basis φαi(x)
of a box potential for a given component α:
Ψˆα(x) =
∑
i
φαi(x)bˆαi. (3)
Then the Hamiltonian reads:
Hˆ =
2∑
α=1
∑
i
Eαibˆ
†
αibˆαi + g
∑
uvkl
Uuvklbˆ
†
1lbˆ
†
2k bˆ2v bˆ1u, (4)
where Eαi is the i-th single-particle energy of species α
and the interaction is proportional with g to the term
that is defined as
Uuvkl =
∫ L
0
dxφ∗1l(x)φ
∗
2k(x)φ2v(x)φ1u(x). (5)
Here, due to the bosonic enhancement, g = 1 corresponds
to a strongly repulsive regime.
The sum in Eq. (4) contains infinite number of terms.
However, to tackle the problem numerically one should
limit the size of the Hilbert space, for example by setting
a cutoff on the number of single-particle states. The size
of the Hilbert space grows rapidly, and it contains the
states of different orders of single-particle energies. To
reduce the size of the Hilbert space, we include all pos-
sible states up to a certain energy cutoff EMAX [48]. In
our simulations, we have checked that the results, such
as the single-particle density, do not change significantly
as the cutoff in energy is varied.
Subsequently, we perform exact diagonalization by us-
ing Arnoldi method for sparse matrices [49], which gives
access to the ground state and its energy. The wavefunc-
tion is then used to obtain the observables of interest.
The single-particle density ρα(x) for a given species α is
defined for the ground state |G0〉 of a system as
ρα(x) = 〈G0|Ψˆ†α(x)Ψˆα(x)|G0〉. (6)
FIG. 1. Single-particle density profiles of a system of N = 5
bosons of each type. Here the interspecies repulsion strength
is g = 1 in the strongly interacting regime. The left and right
panels show the equal mass case with µ = 1 and the 87Rb-7Li
mixture case (µ = m2/m1 = 87/7), respectively.
2. Equal-mass mixture
The single-particle density profile for an equal-mass
mixture of N = 5 particles of each type is shown in the
left panel of Fig. 1. Due to the symmetry between the
two species in the Hamiltonian, the equal mass case does
not distinguish between the species and the two density
profiles coincide with each other. From a practical point
of view, the result shown in Fig. 1 is the expectation value
averaged over many measurements. In reality, the mea-
surement of the system from shot to shot may show devi-
ations. Moreover, our simplified model does not take into
account complications from system-reservoir coupling or
imbalance between the numbers of particles that may
serve as a symmetry breaking mechanisms.
The perfect match of the single-particle densities of the
two species does not reveal information about the corre-
lations between the bosons. However, there should be
correlations between bosons of the same species due to
the Bose distribution and between different species due to
the inter-species repulsion. To analyze the correlations,
we study the interspecies and intraspecies two-body cor-
relations defined on the ground state |G0〉 as (α, β = 1, 2)
Cαβ(x1, x2) = 〈G0|Ψˆ†α(x1)Ψˆ†β(x2)Ψˆβ(x2)Ψˆα(x1)|G0〉.
(7)
Note that due to the symmetry between species 1 and 2
in the equal-mass case, C11(x1, x2) = C22(x1, x2).
As shown in the left column of Fig. 2, the two-body
correlations reveal the ferromagnetic structure of the sys-
tem, where the correlations congregate into two chunks.
The correlations imply that when a measurement of the
densities is performed on the system, one species will tend
to occupy the left part of the box while the other species
will occupy the right. The average over many measure-
ments, however, reveal the same averaged density profiles
for both species. The ferromagnetic behavior is consis-
tent with the many-body result that will be shown later.
4FIG. 2. Two-particle density correlations Cαβ defined in
Eq. (7) for binary bosonic mixtures with N = 5 particles
of each type. Here x1, x2 label the positions on the x-axis of
the box. The interspecies repulsion is g = 1 in the strong re-
pulsion regime. The left (right) column shows the equal-mass
case with mass ratio µ = 1 (87Rb-7Li mixture with µ = 87/7).
3. Mass-imbalanced mixture
On the right panel of Fig. 1, the single-particle densi-
ties are presented for a 87Rb-7Li mixture with mass ratio
µ = 87/7 ≈ 12.43. In this mixture, the symmetry be-
tween the two species is broken by the mass imbalance.
Thus, the single-particle energies depend explicitly on
the mass as in Eq. (2), thus the excitation of the heavy
particles cost less energy than the excitation of the light
particles. The correlations shown in the right column of
Fig. 2 corroborate the phase separation structure.
The mass imbalance introduces a mechanism that low-
ers significantly the inter-species interaction energy by
phase separation. Although the local kinetic energy in-
creases in each chunk, different species avoid each other
and reduce the interaction energy. Moreover, the density
of the light species vanishes next to the hard walls while
the heavy species reside there. The sandwich structure
further lowers the kinetic energies due to distortion of the
wavefunctions.
B. Many-body theory and result
Here we use the Gross-Pitaevskii theory of bosonic con-
densate [1, 2] to study the structures of boson-boson mix-
tures in a 1D box potential.
1. Imaginary time formalism
The Gross-Pitaevskii (GP) energy functional of a
boson-boson mixture is [2]
E =
∫
ddx
[ h¯2
2m1
|∇ψ1|2 + V1(r)|ψ1|2 + h¯
2
2m2
|∇ψ2|2
+ V2(r)|ψ2|2 + 1
2
g11N
2
1 |ψ1|4 +
1
2
g22N
2
2 |ψ2|4
+ g12N1N2|ψ1|2|ψ2|2
]
. (8)
Here we consider the mixture confined by two hard-walls
at x = 0, L modeled by the potential Vα(r), and the
system is uniform in the other directions. The condensate
wavefunctions are normalized by
∫ L
0
dx|ψα|2 = 1, α =
1, 2. The coupling constants g11, g22 and g12 = g21 are
related to the two-body s-wave scattering lengths a11,
a22 and a12 by
gαβ =
2pih¯2aαβ
mαβ
. (9)
Here mαβ =
mαmβ
mα+mβ
is the reduced mass and α, β = 1, 2
denote the species. We focus on the repulsive case with
gαβ > 0. mα and Nα denote the mass and number of
species α.
The minimization of the energy functional, δE/δψ∗α =
0 for α = 1, 2, leads to the time-independent Gross-
Pitaevskii equation [1]. To find the minimal-energy
configuration starting from a given initial configuration,
we implement the imaginary-time formalism [2, 38] by
searching for the solution to the imaginary-time evolu-
tion equations −∂ψα/∂τ = δE/δψ∗α in the τ → ∞ limit
with the normalization
∫ |ψα|2dx = 1 imposed at each
imaginary-time increment. Here τ = it is the imagi-
nary time. The mechanism behind the imaginary time
evolution is that an arbitrary initial state can be de-
composed by the many-body energy eigenstates by ψ0j =∑
n ψn exp(−βEn). Here β = 1/(kBT ). As T → 0, the
solution of the imaginary-time evolution in the τ → ∞
limit projects out the many-body ground state because
the excited-state contributions decay away due to the
normalization condition.
Therefore, we search for the solutions to the coupled
5imaginary-time evolution equations in the x-direction:
−h¯∂ψ1
∂τ
= − h¯
2
2m1
∂2xψ1 + V1ψ1 + g11N1|ψ1|2ψ1
+g12
√
N1N2|ψ2|2ψ1,
−h¯∂ψ2
∂τ
= − h¯
2
2m2
∂2xψ2 + V2ψ2 + g22N2|ψ2|2ψ2
+g12
√
N1N2|ψ1|2ψ2. (10)
The boundary conditions are ψα = 0 at x = 0, L for
α = 1, 2. We choose the units so that h¯ = 2m1 = 1. The
conservation of particle numbers imposes the following
normalization condition of the density ρα = Nα|ψα|2.
The total particle number of species α = 1, 2 can then be
obtained from
Nα =
∫ L
0
dxρα. (11)
The GP equation provides an effective description of
the macroscopic wavefunction of the BEC. It works well
at low temperatures in the weakly interacting regime [1,
2]. For a homogeneous, equal-mass boson-boson mixture
with repulsive inter- and intra- species interactions in the
thermodynamic limit, the stability condition has been
summarized in Refs. [2, 50, 51]. The system exhibits
phase separation when g11g22 > g212. Here we will study
how mass imbalance affects the structure in the phase
separation regime when the system is confined in a box
potential.
We use the split step Crank-Nicolson method to solve
the coupled imaginary-time evolution equations [52, 53].
The spatial and temporal increments are calibrated
by checking against the exact solutions of nonlinear
Schrodinger equations [54]. In the following, we consider
the structures of boson-boson mixtures with and with-
out mass imbalance. For the mass-imbalanced case, we
consider a mixture of 7Li and 87Rb, but our methods
apply to other bosonic mixtures as well. We use the fol-
lowing parameters: ∆τ = 0.0001h¯/E0 for the imaginary
time increment. E0 = h¯2/(2m1L2) is the energy unit.
N1 = N2 = 100 for the particle number of each species.
By defining g0 = 4pih¯2L/m1, we express the coupling
constants in terms of gαβ/g0. A 500-point grid is used to
discretize the space, and we have checked the results are
insensitive to a further refinement of the grid.
2. Results
From the two-component GPE for equal-mass boson-
boson mixtures, we found a miscible phase when the re-
pulsive inter-species interaction is weak. When the inter-
species repulsion in strong, phases separation emerges
and the two species congregate into two chunks. Fig-
ure 3 shows the density profiles of typical structures of
the equal-mass case. Importantly, the phase separation
into two chunks breaks the left-right parity symmetry.
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FIG. 3. Density profiles of equal-mass boson-boson mixtures
in a box potential from the imaginary-time GP equations (10).
(a) Miscible phase with low inter-species repulsion. g˜11 = 0.1,
g˜22 = 0.1 and g˜12 = 0.1. (b) Phase separation due to high
inter-species repulsion. g˜11 = 0.1, g˜22 = 0.1 and g˜12 = 0.3.
Here N = 100 for each species and g˜ij =
gij
g0
.
One reason the few-body and many-body calculations
predict different density profiles in the strong repulsion
regime is as follows. The many-body wavefunction is
a continuous function in space. In the few-body calcu-
lations the interactions are spike-like due to the delta-
functions, so the wavefunctions of the two species can
inter-penetrate without incurring enormous interaction
energy. In contrast, the interaction energy of the many-
body calculations integrates over the continuous densities
and impose a penalty for overlapping wavefunctions. As
shown in Fig. 2, the few-body results suggest ferromag-
netic behavior similar to phase separation in the corre-
lations functions. Realistic interactions in experiments
may have a finite range, and the dependence of the inter-
action energy on the wavefunctions may be more compli-
cated.
For boson-boson mixtures with different masses, we
take the mixture of 7Li and 87Rb for example. The sys-
tem exhibits partial and full separation of the two species
as the inter-species interaction increases. Figure 4 (a)
and (b) show the partial separation in the intermediate
interaction regime while (c) and (d) show the full separa-
tion in the strong interaction regime. There is an impor-
tant difference between the full phase-separation struc-
tures of the equal-mass and the different-mass case. For
the mass-imbalanced case, the system exhibits a sand-
wich structure. The lighter species does not touch either
of the hard walls. This is because the kinetic-energy in-
crease of the light species at the hard walls can lead to
higher total energy, so the lowest-energy configuration
has the heavier species locating at both hard-walls. In
contrast, there is no such advantage in the equal-mass
case, and the two species minimize the number of inter-
faces between them by separating into only two chunks.
As a consequence of the mass imbalance, the phase-
separation structure can break the parity symmetry by
forming two chunks in the equal-mass case, or the system
can keep the parity symmetry in the sandwich structure
when the mass imbalance is large.
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FIG. 4. Boson-boson mixtures with mass ratio m1/m2 =
7/87, showing partial phase separation [(a) and (b)] and full
phase separation [(c) and (d)]. Here N = 100 for each species.
(a) g˜11 = 0.1, g˜22 = 0.2 and g˜12 = 0.01, (b) g˜11 = 0.1,
g˜22 = 0.1 and g˜12 = 0.1, (c) g˜11 = 0.1, g˜22 = 0.1 and g˜12 = 1.0,
and (d) g˜11 = 0.1, g˜22 = 0.5 and g˜12 = 0.5.
III. FERMION-FERMION MIXTURES IN A
BOX POTENTIAL
A. Few-body fermion-fermion mixtures
We consider a two-component mixture of fermions with
a Hamiltonian similar to Eq. (1). However, the symmetry
conditions of the many-body wavefuncions are different in
order to satisfy the Bose-Einstein and Fermi-Dirac statis-
tics, respectively. Next, we decompose the field operator
for fermions as (α = 1, 2)
Φˆα(x) =
∑
i
φαi(x)fˆαi, (12)
which lead to the following second-quantization Hamil-
tonian:
Hˆ =
2∑
α=1
∑
i
Eαifˆ
†
αifˆαi + g
∑
uvkl
Uuvklfˆ
†
1lfˆ
†
2kfˆ2v fˆ1u. (13)
The fermions of the same kind do not interact with
each other because the Pauli exclusion principle sup-
presses the two-body s-wave interactions between identi-
cal fermions. The fermonic field operators anticommute:
{Φˆ†α(x), Φˆβ(x′)} = δ(x − x′)δαβ . After the anticom-
mutation relation is properly implemented, the method
analogous to the one used for the boson mixture can
be utilized. To overcome Fermi pressure, the interac-
tion strength parameter has to be set bigger than in the
bosonic case: g = 50 to reach strongly correlated regime.
FIG. 5. Single-particle density profiles for binary fermionic
mixtures with N = 4 particles of each type. The inter-species
repulsion is g = 50 in the strong repulsion regime. The left
(right) panel shows the equal mass case with mass ratio µ = 1
(40K-6Li mixture with µ = m2/m1 = 40/6).
1. Equal-mass system
For an equal-mass fermion mixture, the single-particle
density profiles of the two species are exactly the same
due to the symmetry in the Hamiltonian. The density
distributions in real space minimizing the total energy
are shown in the left panel of Fig. 5 for N1 = N2 = 4.
There are two mechanisms causing the fermions to avoid
each other, leading to the density distributions of the two
species. The first one is the repulsion between different
species that lowers the probability of finding two differ-
ent fermions at the same point in space. The other is the
Pauli exclusion principle forbidding identical fermions
from occupying the same quantum state. On the other
hand, the delta-function interactions allow the wavefunc-
tions of the two species to inter-penetrate. Therefore, the
density profiles show overlap of the two species, but the
two-body correlations shown in the left column of Fig. 6
exhibit strong anticorrelation in real space. Specifically,
both same-species and different-species correlation func-
tions show that the fermions are avoiding each other.
2. Mass imbalanced system
The presence of mass imbalance influences the single-
particle energy spectrum and makes the distortion of
heavy-particle wavefunction more energetically favorable
because the kinetic energy is inversely proportional to the
mass. Since the wavefunctions are distorted at the hard
walls, the system will lower the total energy by placing
the heavy particles there. This implies that the system
prefers to make more complicated structures of the heavy
particles rather than the light particles.
Therefore, the mass-imbalanced fermion mixture from
the few-body calculation exhibits phase separation, show-
ing the heavy particles pushed towards the walls and the
light particles staying at the center. The miscible struc-
ture of the gas is then destroyed in the strong-repulsion
regime. Taking a mixture 6Li-40K as an example, the
density profiles from the few-body calculation is shown
7FIG. 6. Two-particle density correlations Cαβ defined in
Eq. (7) for a system of N = 4 particles of each type. The
inter-species interaction is g = 50 in the strong repulsion
regime. The left and right columns show the equal-mass
case with mass ratio µ = 1 and a 40K-6Li mixture with
µ = m2/m1 = 40/6, respectively.
in the right panel of Fig. 5. A three-chunk sandwich
structure is observed.
Nevertheless, the mechanisms that lead to the anti-
correlation of fermions are still present, implying zero
probability of finding a pair of fermions at the same loca-
tion. The phenomenon can be seen as the vanishing two-
body correlations along the diagonals of the plots shown
in Fig. 6 regardless of mass imbalance. The tendency
of fermions to avoid each other is seen as the enhanced
probability of finding fermions in separate regions rather
than at the same spot, which can be observed in the plot
of C12 shown in Fig. 6. While C12 of the equal-mass case
shows how the two species inter-penetrate and formed
staggered correlations, C12 for the mass-imbalanced case
is only finite at the interfaces of the sandwich structure.
When compared to the equal-mass case, the light-
particle correlations are similar but they are confined
in the central region due to the sandwich structure. In
contrast, the heavy-particle correlations are significantly
changed due to the spatial separation and the distortion
of the wavefunctions at the two hard walls. In the pres-
ence of mass imbalance, the phase separation structure
has the heavy particles confined to two narrow regions
near the hard walls. In systems with N > 2, arranging
the heavy particles in the two regions near the walls gives
rise to finite correlations of finding two heavy fermions
around the left or right corner, as seen in the plot of C22
in Fig. 6.
B. Many-body theory and result
Similar to the many-body approach to the bosonic mix-
tures, we model the interactions between fermions as
density-density contact interactions except there is vir-
tually no intra-species interaction between identical ul-
tracold fermionic atoms due to the Pauli exclusion prin-
ciple. The second-quantization Hamiltonian of a fermion-
fermion mixture with repulsive interactions is given by
HˆF =
∫
ddx
( 2∑
α=1
h¯2
2mα
|∇ψˆα|2 + g12ρˆ1ρˆ2
)
. (14)
Here mα is the mass of the α-th species, ρˆα = ψˆ†αψˆα is
the density operator, α = 1, 2.
1. Equations for fermion-fermion mixtures
By using the Hartree-Fock approximation [38], we re-
place the interaction term by the expectation values
ρα = 〈ρˆα〉. Assuming the hard-wall confinement is along
the x-direction, we obtain the following eigenvalue equa-
tions for the two species consistent with the stationary
states of Eq. (14).
− h¯
2
2m1
∂2
∂x2
ψ1,n + g12ρ2ψ1,n = E1,nψ1,n,
− h¯
2
2m2
∂2
∂x2
ψ2,n + g12ρ1ψ2,n = E2,nψ2,n, (15)
where Eα,n are the eigenvalues corresponding to the
eigenstates ψα,n, which are from the decomposition of
ψˆα. The boundary conditions are ψi,n = 0 at x = 0, L.
We choose m1, L, and h¯2/(2m1L2) as the units of mass,
length, and energy, respectively. In the ground state,
fermions of species α = 1, 2, occupy the lowest Nα levels
of ψα,n. As a consequence, ρα =
∑Nα
n=1 |ψα,n|2. Thus,
the densities satisfy
Nα =
∫ L
0
dxρα, (16)
α = 1, 2. We will use N1 = N2 = 100 in our illustrations.
For a given value of g12, we use an iteration method
similar to the one for solving the Bogoliubov-de Gennes
equation of superconductivity [55]. We start with a set of
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FIG. 7. Structures of fermion-fermion mixtures in 1D box
potentials for the case with equal mass shown in (a) and (b)
and for the case with mass ratio m1/m2 = 6/86 shown in
(c) and (d). The left column [(a) and (c)] shows the miscible
structures in the weak repulsion regime, and the right column
[(b) and (d)] shows the phase separation structures in the
strong repulsion regime. Here N1 = N2 = 100 and the values
of g˜12 are (a) 300, (b) 5000, (c) 10, (d) 500.
trial density profiles and solve the coupled equations (15)
to obtain the eignevalues and their normalized eigen-
vectors. From the eigenvectors, we calculate the iter-
ated densities ρ1 and ρ2 and use them to solve the cou-
pled equations (15) again. The iteration converges if
(
∫ L
0
|ρν+11 − ρν1 |dx <  and
∫ L
0
|ρν+12 − ρν2 |dx < ) for the
ν-th iteration. In our calculation, we choose  = 10−3
and 104 grid points in x/L ∈ [0, 1]. We have verified
that further changing the tolerance or grid size does not
lead to qualitative change. The formalism is general and
applicable to general fermion mixtures with repulsive in-
teractions.
2. Results
Figure 7 shows the structures of fermion-fermion mix-
tures from the Hartree-Fock theory. In the many-body
calculation, the Fermi pressure from the kinetic energy
is a dominant factor. The system tends to remain in
the miscible phase to minimize the kinetic energy until
the repulsion is strong enough to overpower the Fermi
pressure.
For the equal-mass case shown in Figure 7 (a) and
(b), the system phase separates into two chunks when
the inter-species repulsion overpowers the bulk kinetic
energy. The phase separation is a consequence of the
density-density interactions because the two species tend
to occupy different spatial regions to minimize the over-
lap of their densities. For the delta-function inter-
action used in few-body systems, the wavefunctions
can inter-penetrate each other without incurring severe
interaction-energy penalty, and the left panel of Fig. 5
shows no spatial phase separation in the few-body case
even in the strong repulsion regime. Since the density-
density interaction and the delta-function interaction are
idealized models of the real interactions between atoms,
experimental results may depend on the details of the
two-body scattering as well as the density of the cloud.
To test mass-imbalance effect, we consider a fermion
mixtures with a large mass ratio. The phase separation
structure of 6Li and 86Rb mixtures from the many-body
calculation is shown in Fig. 7 (d). Due to the strong
repulsive interactions countering the high kinetic energy
due to the separation, the kinetic energies at the bound-
ary due to the distortion of the wavefunctions do not play
an important role. Thus, the system forms two chunks
in phase separation similar to the equal-mass case. This
is in contrast to the few-body case with delta-function
interactions shown in the right panel of Fig. 5, where a
sandwich structure in the presence of mass imbalance is
observable. We mention that it is possible to introduce
extremely large mass imbalance in the many-body calcu-
lations to eventually produce the sandwich structure, but
the parameters are inaccessible to cold-atom experiments
due to the limited atomic species.
The structures of fermion-fermion mixtures with tun-
able repulsive interactions in a 1D box potential thus
depend on many factors, including how the atomic in-
teractions are modeled, the mass ratios, and how many
particles are confined in the box. Those factors are in
principle tunable in experiments, and the various struc-
tures may be realized with suitable conditions.
IV. EXPERIMENTAL IMPLICATIONS
The mass ratio of available atomic mixtures is not a
continuously tunable parameter, and it is limited by the
available species in the periodic table. Moreover, the
inter-species and intra-species interactions are not inde-
pendently controllable in cold-atom experiments because
tuning the magnetic field will adjust the values of the
inter- and intra- species two-body scattering lengths [2].
However, the structures from the few-body and many-
body calculations with reasonable values of the mass ra-
tio and interaction strengths show that the structures of
atomic mixtures can be different with or without mass
imbalance due to the box potential.
Although the box potentials in Refs. [5–10] are 3D
traps, the main theoretical findings should hold qual-
itatively: The distortion of wavefunctions at the hard
walls leads to additional kinetic energy and may affect the
structures of atomic mixtures in the presence of mass im-
balance. For the equal-mass bosonic mixture, a miscible
phase with strong internal correlations for the few-body
case and a two-chunk phase separation for the many-body
case in the strong repulsion regime are expected. How-
ever, in the presence of mass imbalance, the light species
9tends to avoid the hard walls to lower the kinetic energy
due to wavefunction distortion. In a 3D box, a strong
mass imbalance may lead to a core of the light parti-
cles enclosed by the heavy particles to lower the kinetic
energy at the hard walls. Such a possibility has been
overlooked in analyses performed in the thermodynamic
limit where the boundary does not play a role [2, 50, 56].
While the few-body result of binary fermionic mixtures
with mass imbalance shows possible enclosure of the light
particles by the heavy ones, the dominating bulk kinetic
energies in the many-body case favors two-chunk phase
separation for reasonable range of mass imbalance. How-
ever, the structures of fermionic mixtures are further
complicated by other instabilities [36, 37], so the sys-
tem may enter other phases or cannot be trapped in the
strongly interacting regime.
Atomic clouds have been cooled down to the ex-
tent where thermal excitations do not play a significant
role [2]. If thermal behavior is of interest, it is possible to
incorporate finite-temperature effects in many-body cal-
culations using the Bogoliubov-de Gennes method [2] or
large-N expansion [57] for bosons or including the Fermi
distribution function in the self-consistent equations for
fermions [55]. The kinetic energy increases with temper-
ature and is expected to suppress the regime where phase
separation can be observed.
V. CONCLUSION
From the few-body calculations with delta-function
interactions and many-body calculations with density-
density interactions, we have shown that mass imbal-
ance can lead to different structures of boson-boson mix-
tures with strong inter-species repulsion confined in 1D
box potentials when compared to the equal-mass case.
The structural difference comes from the competition be-
tween the interaction energy and kinetic energies due to
the density distortion at the hard walls and the phase-
separation interface. For fermion-fermion mixtures, dif-
ferent structures with and without mass imbalance were
found in the few-body calculations in the strong repulsion
regime. For many-body fermion mixtures to enter the
phase-separation regime, however, the bulk kinetic ener-
gies increase due to the reduced volume of each species
in phase separation. Therefore, the many-body calcula-
tions of fermion mixtures in the phase separation regime
show a two-chunk structure within the reasonable range
of mass imbalance.
Interestingly, the few-body and many-body calcula-
tions sometimes predict different structures for bosonic
or fermionic mixtures in the strong repulsion regime be-
cause of the different models of the interactions. Depend-
ing on the experimental conditions, one may check if the
structures of atomic mixtures resemble the many-body or
few-body results. While binary boson-fermion mixtures
are also realizable in cold atoms [58], their theoretical
treatments are complicated [42, 59, 60]. Nevertheless,
their structures in box potentials may be analyzed in a
similar framework.
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